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, We analyze inelastic 2 — » 2 scattering amplitudes for gauge bosons and Nambu-Goldstone bosons 

in deconstructed Higgsless models. Using the (KK) Equivalence Theorem in 4D (5D), we derive 
a set of general sum rules among the boson masses and multi-boson couplings that are valid for 
arbitrary deconstructed models. Taking the continuum limit, our results naturally include the 5D 
Higgsless model sum rules for arbitrary 5D geometry and boundary conditions; they also reduce to 
I ■ the elastic sum rules when applied to the special case of elastic scattering. For the case of linear 

Oh' deconstructed Higgsless models, we demonstrate that the sum rules can also be derived from a set 

of general deconstruction identities and completeness relations. We apply these sum rules to the 
deconstructed 3-site Higgsless model and its extensions; we show that in 5D ignoring all higher KK 
modes (n > 1) is inconsistent once the inelastic channels become important. Finally, we discuss 
how our results generalize beyond the case of linear Higgsless models. 
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. I. INTRODUCTION 

Higgsless models [l| break the electroweak symmetry without invoking a fundamental scalar Higgs boson Q . These 
models were originally motivated by ideas of gauge/gravity duality U 0, H, @], and are in a sense "dual" to more 
conventional models of dynamical symmetry breaking 0, [f| such as "walking techicolor" [{J [l(| El, [12, [HI, 0] • In 
the absence of a Higgs boson in the model, some other state must take on the role of unitarizing the scattering 
of longitudinally polarized electroweak gauge bosons; the extra vector bosons present in Higgsless models play this 
role [l5|, |T|| Il7l [HI . Higgsless models provide effectively unitary descriptions of the electroweak sector beyond the 
TeV energ y sc ale. On their own, Higgsless models are not renormalizable because they are based on the physics of 
TeV-scale I19| compactified SU(2) 2 x £7(1) five-dimensional gauge theories (with appropriate boundary conditions) 
[20l.l2l1.l22l. 1 2 3l|. Instead, Higgsless models are properly viewed as effective field theories valid below a cutoff energy scale 
inversely proportional to the five-dimensional gauge-coupling squared. Above this energy scale, a new "high-energy" 
completion, which is valid to higher energies, must enter to describe the physics appropriately. 

Since a compactified five-dimensional theory gives rise to an infinite tower of massive four-dimensional "Kaluza- 
Klcin" (KK) modes of the gauge field, one might an ticip ate that a low-energy approximation would involve only a 
finite number of low-mass states. Deconstruction [24|, l25l | is a technique that realizes this expectation. As illustrated 
in FigUl deconstruction may be interpreted as replacing the continuous fifth-dimension with a lattice of individual 
gauge groups (the factors of the semi-simple deconstructed four-dimensional gauge group) at separate sites in "theory 
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space". The "link" variables connecting the gauge groups at adjacent sites represent symmetry breaking fields which 
break the groups at adjacent sites down to the diagonal subgroup, as conventional in "moose notation" [26[. In the 
continuum limit (in which the number of sites on the deconstructed lattice is taken to infinity), the kinetic energy 
terms for the link variables give rise to the terms in the five-dimensional kinetic energy involving derivatives with 
respect to the compactified coordinate. Deconstructed Higgsless models [23, HE US HO, HH, HH, HU have been used 
as tools to compute the general properties of Higgsless theories, and to illustrate the phenomenological properties of 
this class of models [75[ • 

Recently, we studied elastic pion-pion scattering in global linear moose models 1421 and showed that the Kadanoff- 
Wilson block spin transformation [H| and the Equivalence Theorem (ET) E H E3, H IH, US [EH, [H 
render our analysis applicable to WlWl elastic scattering in Higgsless models with arbitrary background 5D geometry, 
spatially dependent gauge-couplings, and brane kinetic energy terms for the gauge-bosons. The form of the high- 
energy elastic scattering amplitudes in Higgsless models is particularly interesting because it can potentially yield an 
upper bound on the scale at which the effective field theory becomes strongly coupled. We concluded that elastic 
unitarity provides a useful guide to the range of a model's validity only for models in which the lightest KK mode 
has a mass greater than about 700 GeV; otherwise, inelastic channels such as irir — ► WiWi become available and 
important. 

Our aim in this paper is to derive general identities and sum rules that apply to the masses and couplings of the 
gauge and Nambu-Goldstone KK modes in WW scattering in an arbitrary deconstructed Higgsless model, including 
inelastic scattering channels. We derive these sum rules by application of the KK equivalence theorem, and therefore 
we see that these sum rules are a result of the gauge-invariance of the theory. Taking the continuum limit, our results 
naturally include all 5D Higgsless model sum rules for arbitrary 5D geometry and boundary conditions, and they also 
reduce to the elastic sum rules [l[ when applied to the special case of elastic scattering. For the case of deconstructed 
Higgsless models corresponding to linear mooses [26j , we will demonstrate that the sum rules can also be derived from 
a set of general deconstruction identities and completeness relations. We apply these sum rules to the deconstructed 
3-site Higgsless model and its extensions; we show that in 5D ignoring all higher KK modes (n > 1) is inconsistent 
once the inelastic channels become important. Finally, we discuss how our results generalize beyond the case of linear 
Higgsless models. 

In section II, we review the features of Higgsless models that are essential for our analysis: the Lagrangian, 
principles of deconstruction, the shift from gauge to mass eigenbasis for both the vector bosons and the "eaten" 
Nambu-Goldstone bosons present in the gauge, and the definitions of the couplings among various states in the 
spectrum. Beginning in section II, we simplify our analysis by considering the case of an SU(2) N+1 deconstructed 
model, in which the gauge symmetries are completely broken - corresponding in the continuum limit to a Higgsless 
model of SU(2)\y breaking without hypercharge (and therefore without a massless photon). The generalization to 
the phenomenologically realistic case of SU(2) N+1 x U(l) M [HI is straightforward, and is discussed in section VII. 

In sections III and IV we use two-body scattering of W bosons and of Nambu-Goldstone bosons to derive general 
sum rule relationships among the masses and couplings of the KK mass eigenstates. First, we present our results for 
the leading contributions (in power of energy) to these processes. Then we apply the KK Equivalence Theorem to 
those scattering processes, which yields the sum rules listed in Table [H an Appendix shows how the sum rules are 
realized in the specific case of the three-site Higgsless model j57[. Our analysis considers inelastic scattering, which 
allows us to derive a wider class of sum rules; we also show how the sum rules simplify in the elastic limit and compare 
with the specific 5D elastic results in the literature [l[ . Similarly, we derive the sum rules in 4D deconstructed models 
but also show how the sum rules appear in the continuum limit (and again compare with the special case in [l| ) . The 
identities derived in Section IV apply to the multi-boson couplings and masses for any consistent gauge theory in 4D 
or 5D; while we take a linear deconstructed model as our benchmark, the form of the relations transcends this. 

We analyze the implications of gauge invariance in section V, by considering the 2-body IFVF-amplitude and 




FIG. 1: A deconstructed model, in moose notation |2g], corresponding to an arbitrary five-dimensional gauge theory. The 
coupling constants (gi) and /-constants (/,■) are arbitrary, corresponding, as discussed in the text, to the position-dependent 
coupling and warp factors chosen. 
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FIG. 2: The linear moose for which we study WW scattering in this paper. Site N + 1 is a global SU(2) group (gjv+i = 0) and 
sites to N are SU(2) gauge groups. This corresponds to the deconstructed form of either flat space or AdS 5-dimensional 
models of electroweak symmetry breaking depending on the couplings and /-constants chosen. 

Nambu-Goldstone Tr7r-amplitudc in gauge. We derive a new condition on the masses and couplings, and show that 
the sum rules obtained from the ET in section IV hold in gauge. 

Section VI presents an alternative way of deriving relations among the couplings and boson masses in Higgsless 
models. We start by deriving completeness relations based explicitly on the orthogonality of the KK gauge-boson 
(and KK Nambu-Goldstone-boson) mass-eigenstate wavefunctions in the deconstructed bulk. Then, we derive a set 
of Ward-Takahashi identities relating each coupling involving Nambu-Goldstone modes to couplings of gauge modes 
only; these are listed in Table [TTJ Some of these results are specific to linear moose models and their 5D continuum 
limits because their derivation draws directly upon the specific form of the mixed gauge/Nambu-Goldstonc couplings. 
Within this class of models, however, the deconstruction identities derived in Section VI form a generalization of the 
ET sum rules obtained in sections IV and V because they are not restricted to nn — ► mm scattering processes and 
allow all of the coupling indices to vary independently. We demonstrate the relationships between the deconstruction 
identities and the ET sum rules of Section IV; these relationships are summarized in Table fl] 

Section VII summarizes the relation between the two derivations and the range of applicability of each set of results. 
We also demonstrate how our sum rules generalize some specific elastic results in [l[ . In addition, we use the sum rules 
to show that in 5D ignoring all higher KK modes (n > 1) is inconsistent once inelastic scattering channels become 
important, in contrast to the scenario adopted by Ref. [561 ]. Finally, we indicate how the results in the present paper 
will be used in a forthcoming work to make a more accurate assessment of the scale at which two-body scattering 
(including inelastic coupled channels) violates unitarity. 



II. HIGGSLESS MODELS IN GENERAL 



In this section we review the essential elements of deconstructed linear Higgsless models and their 5D counterparts. 
Because our analysis will focus on high energy IFIF-scattering, we can replace the U(l) gauge group at site N+1 
by a global SU(2) group, as shown in the semi-open moose of FigHH the 5-d continuum limit of this moose contains 
theories of the type SU(2)§ D (p = 1, 2, • • • ). Our analysis will leave arbitrary the values of the gauge couplings and 
/-constants. In the continuum limit, therefore, our results apply to models with arbitrary 5D background geometry, 
spatially dependent gauge-couplings, and branc kinetic energy terms for the gauge-bosons. 

The Lagrangian of the deconstruction in FigHIlis. 

N 1 N+1 r2 

3=0 3=1 

where the gauge fields on each site are represented by = A^T a £ SU(2)j (j = 0, • • • , N), the links are non-linear 
sigma model fields Uj = exp [2i7r ■//■] , with Nambu-Goldstone bosons -Kj = 7TjT a (j = 1, ■ ■ ■ , N + 1), and covariant 
derivatives D^Uj = d^Uj — ig.j_ 1 A^_ 1 Uj + igjUjAj . We further define the diagonal matrices of f-constants and 
couplings 2Tn+i = diag (f 1} / 2 , ■ ■ ■ , f N+1 ) and Gn+i = diag (g , g 1} ■ ■ ■ , g N ) , and also the matrix T>w whose entries 
(T>w)ij arc 1 (if i = j), —1 (if i = j — 1), and zero otherwise. These combine to form 

Q = J^n+iD wQn+i ■ (2) 

The gauge boson mass-matrix M^- and its dual can then be written as [53[ 

M^.-Q^Q, Myy = Q Q T . (3) 

Note that and M^r are real symmetric matrices, and that Q can be diagonalized by the bi-orthogonal rotation, 

R T QR = Q diag = M^ ag , (4) 
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TABLE I: Higgsless model sum rules derived in this paper. The broad central column lists each sum rule derived from applying 
the Equivalence Theorem (ET) to the inelastic (n 7^ m) scattering processes involving longitudinal gauge bosons in Section llVl 
or gauge invariance in Section V. To the left of each sum rule is its equation number in the text; to the right of each sum rule 
with an elastic (n = m) version is the corresponding text equation number. The two left-most columns of the table indicate 
from which process and at what order in powers of energy a given sum rule has been derived. The right-most column of the 
table summarizes how each sum rule is related to the completeness relations and deconstruction identities derived for Higgsless 
models in Section fVTl Note that the continuum 5D versions of these identities are obtained by setting both G4 and G41 to zero. 



which leads to 

R T M^R = (Q dia s) T (Q dia s) = (M^) diag , (5) 

and 

R T M^R = (Q dia s)(Q dia s) T = (M^) diag . (6) 
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TABLE II: Higgsless model completeness relations and Ward-Takahashi identities derived in this paper. The broad central 
column lists each completeness relation or WT identity. To the left of each equation is a brief description; to the right is the 
equation number in the text of Section ["VT1 



Since (Q^ ag ) T (Q^ ag ) = (Q^ ag )(Q^ ag ) T , we conclude that (M^) dia s = (M^)^ and the dual mass matrix M£ 
has the same eigenvalues as Mj,. 



same eigenvalues as Mj,. 
Expanding the Lagrangian ([TJ yields the gauge-Nambu-Goldstone boson mixing term, 



(7) 



with 



IF = (TTf, TTf, ••• , 7T% +1 ) T , 



IF = (7fg,7rf,--. I 7r^) T , 



(8) 



where {W a/J } are mass-eigenbasis fields and {n a } are "eaten" Nambu-Goldstone fields, which are connected to the 
site gauge bosons {A aAI } and link Nambu-Goldstone bosons {IP} via 



n Q = r t n a 



(9) 



Hence, the "eaten" Nambu-Goldstone modes are exactly aligned with the "gauge boson" mass-cigenstatcs of the dual 
moose. The gauge-Nambu-Goldstone mixing (JT)) can be removed by the familiar gauge-fixing term, 



N 



K = W + « 



(10) 



So, relative to the mass M n of a mass-eigenstate gauge boon W^, the mass of the related "eaten" Nambu-Goldstone 
boson 7?° is given by M~ a = t;M% . 

We may derive the gauge-sector quartic and cubic vertices and express them in the mass-eigenbasis by expanding 
the appropriate terms of |TJ 
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using the notation F^" = d^Af - d v A a f and W] 1 "" = d^W?" - d v W^ . The quartic and cubic gauge couplings 
Qktmn and Qkmn are defined as [H|, 

Qnmk = / J ffjRj )Tt Rj )TO Rj ; fc, , (12) 

i 

Qnmtk = <7 j Rj,nRj,mR-j,lRj,fc- (13) 

j 

Each of these multi-gauge-boson couplings is symmetric under exchange of any pair of indices and they are independent 
of the form of T>w ■ 

We may likewise derive from ([1]), the pure Nambu-Goldstone boson interactions, 

Qkimn 

= -^2- [^t d ^t) ffinV&n) ~ (**5r?) PA^n) + <^)] ( 14 ) 

where 

v 2 

Qtvmlk = "TjR-j ,nRj,mRj,fRj,fc, (15) 

— 1/2 

with factors of the weak scale w = (\/2~Gf) inserted to make the couplings dimcnsionless. Again, this coupling is 
Bose-symmetric under exchange of any pair of indices and its form does not depend on T>\y . Note that G4 vanishes in 
the 5D continuum limit (N — > 00) and that G™ nmm = l in the special case N+l = 1 , corresponding to the Higgsless 
standard model. 

Finally, there are the interactions between Nambu-Goldstone modes and gauge bosons 
= \0T k e abc n a m d^ b n W^ + (M n + M m )G^ k e abc W^ n W^ c k 

s-inm£k 1 _ 

+ K^A^l - W T - 4 [2 S ab S cd - 6 ac S bd - S ad S bc ] Gl^AWg-W^ + ■ ■ ■ , (16) 

The form of the interactions is general, but the specific definition of each coupling in terms of the R and R matrices 
depends on T>w - that is, on the structure of the model. For the linear deconstructed model we are using as a 
benchmark the quartic itititV coupling, and ttttVV coupling [7?| are defined as 

G2™ ek = ^ ■^Rj, w Rj, m Rj,i(<7jRj,fc - gj-iRj-i,fc)i (17) 
3 h 

Qnmtk = yjgj-lgjRj>Rj,m(Rj-l,^Rj,fc + Rj,fRj-l,fc)) (18) 

Similarly, the VVir and ttttV^ couplings are defined in such models as 

9j9j—lfj{^j,n^-j — l,m Rj — l,nRj,m)Rj,fc, (19) 

J 

Qnmk = Rj ire Rj im (gjRj ; fe + gj_lRj_l ; fc). (20) 

j 

As we will discuss in Section lVIH the results derived specifically for linear moose models in Section V can be generalized 
to apply to broader classes of models if one allows for a more general form of T>w . 



III. GENERAL LONGITUDINAL AND NAMBU-GOLDSTONE SCATTERING AMPLITUDES 

In this section, we derive the leading contributions (in powers of scattering energy) to the amplitudes for the 2^2 
scattering of gauge bosons and Nambu-Goldstone modes. We specifically focus on the inelastic scattering where 
two bosons of KK level n scatter into two modes of KK level to, where n m. Amplitudes involving only gauge 
boons are calculated in unitary gauge, while those involving one or more Nambu-Goldstone bosons are calculated in 
't-Hooft-Fcynman gauge; issues related to gauge invariance are addressed in Section V. We will apply the Equivalence 
Theorem to these results in Section [IVI to derive sum rules constraining the bosons' 3-point and 4-point couplings. 
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A. Notation and Kinematics for nn — > mm Scattering 

We start by defining the kinematic variables for nn — > mm KK-gauge-boson or Nambu-Goldstone-boson scattering. 
In the center-of-mass frame, the 4-momenta of the incoming (1,2) and outgoing (3,4) states may be written as 

p l = {^E,0,0,p), p 2 = {^E,0,0,-p), p 3 = (^E,qsm9,0,qcos9), p 4 = (^E, -qsm8, 0, -qcos9), (21) 



where ^E = ^Jp 2 + M 2 = \J q 2 + Ml = \^fs and 9 is the scattering angle. The corresponding polarization vectors 
for the incoming/outgoing states that are longitudinal gauge bosons are of the form: 



_ _ (p,0,0,|J5) _ _ 0,0,0, -\E) _ _ (q,\E sin 0,0, \E cos 9) ^ _ (q, -±£sin0, 0, -|.Ecos< 



:L1 " M n ' ti2 " M n ' tL3 ~ M m ' tLi M m 

For the states that are transverse gauge bosons, two possible sets of polarization vectors are 

e T1 = (0,1,0,0), e T2 = (0,1,0,0), e T3 = (0, cos0, 0, - sin<9), e T4 = (0, cos<9, 0, - sin 9), 

e TV = (0,0,1,0), e T2 , = (0,0,1,0), e T3 , = (0, 0, 1, 0), ? T4 , = (0, 0, 1, 0), 

The Mandelstaam variables are defined as 



(22) 
(23) 



s = (Pi+P 2 ) 2 =-B 2 , 

t = ( Pl -p a f = -{p 2 + q 2 ) + 2pqcos9, (24) 
u = {p 1 -p i f = -(p 2 + q 2 )-2pqcos9, 

and thus s + t + u= 2(M 2 + Ml) . 

In addition, we will use the compact definitions c = cos 9 and 

Ml = M 2 m ± M„ 2 , A4 ee {Mlf , (25) 
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E = E/M n , Mj ee Mj/M n , M ± ee M±/M„ , (26) 

E = Ej M m , M j =M j /M m , M 2 ± = Ml/ M^. (27) 

to simplify the expressions for the scattering amplitudes. Note that the "bar" signifies normalizing by the mass of 
the nth gauge boson KK mode (the incoming state in nn — > mm scattering), while a "hat" signifies normalizing by 
the mass of the outgoing state of KK index m. 

The nn — > mm scattering amplitude among gauge bosons (longitudinal or transverse) contains contributions arising 
from four classes of Feynman diagrams: four-point contact, s-channcl, i-channel, and u-channcl: 

Tw[nn, mm] = T c + T s + T t + T u . (28) 

The amplitude may be decomposed as follows 

T w [nn, mm] = e abe e cde T l + e ace e bde T 2 + e ade e bce T 3 (29) 

where the first (second, third) term receives contributions only from the contact and s (i,u)-channel diagrams: 

Ti = T cl + T s T 2 = T c2 +T t , T 3 = T c3 + T u . (30) 

Using the Jacobi identity e abe e cde + e ace e dbe + e ade e bce = , we can rewrite (ggj) as 

T w [nn, mm] = e oce e 6de (Ti + T 2 ) + ^^(-Ti + T 3 ) . (31) 

Furthermore, we will see that because T\ oc c, while T 3 = T 2 [c — > — c], the combination — Ti + T 3 can be obtained 
from Ti + T 2 via a simple exchange c — > — c. Hence, to obtain the entire amplitude Tw[nn,mm] we only need to 
compute Ti + T 2 explicitly. 

The nn — ► mm scattering amplitudes involving Nambu-Goldstone bosons (and sometimes also transverse gauge 
bosons) may similarly be decomposed into contributions from four-point contact, s-channel, t-channel, and w-channel 
diagrams: 

Tn [nn, mm] = T c + f s + f t + T u 

(32) 



~abe~cdeT i .ace ^bde^p , ade r bcerp 

e e Ji+e e i 2 + e e 1 • 
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Once again, the Jacobi identity can be used to simplify the result 

f^nn, mm] = (-""^(fi + f 2 ) + e ade e bce (-fx + f 3 ) . (33) 

and we will see that —T\ + T3 can be obtained from T\ + T 2 by the exchange c — ► — c so that only T± + T 2 need be 
calculated explicitly However, in this case it is worth noting that there is an alternative way to express the amplitude 

% [nn, mm] = 8 ab 5 cd Ti + 5 ac S bd f 2 + 8 ad 8 bc T 3 (34) 

where 

f 1 =f 2 +f 3 , ? 2 =f 1 -f 3 , f 3 = -Ti-T 2 . (35) 

The four-point contact interactions are more easily calculated in terms of the T while the s-,t-, and it-channel diagrams 
are more naturally written in terms of the T since only the s-channcl diagram contributes to T± (and so on). Hence, 
it is convenient to perform the calculation of T\ + T 2 by writing 

fi + f 2 = f, + f t - f c3 (36) 

where T c % denotes the contact contribution to the amplitude T3. 

We will now calculate the scattering amplitudes for all the relevant processes involving gauge and Nambu-Goldstone 
bosons and extract the pieces from which sum rules may be derived via application of the Equivalence Theorem. 



B. Amplitudes with no transverse gauge bosons 

1. Purely Longitudinal Gauge Amplitude W^ L W„ L — > W^ L W^ L (n,m>0) 

We begin by considering the longitudinal gauge boson scattering process W£ L W b L — > W^ L W d lL (n, m > 0), where 
n = m corresponds to elastic scattering and n ^ m corresponds to inelastic scattering. We will display the results 
of this calculation in detail to show how the ideas of the last section play out in a specific case; the results for other 
processes will also be summarized. The scattering amplitude contains contributions from the 4-boson contact diagram 
and the diagrams in the (s, t, u) channels, 

T w [nn, mm] = T c + T s +T t + T u 

±1 + e e l 2 + e e J3, 

2 (Ti+T 2 ) + e ade e f,ce (-r 1 +T 3 ). 
We compute the expressions for the full scattering amplitudes Tj to be 
T x = T cl +T s 



^abe ^cder 



ace bde / 



(37) 



cpq 

M 2 M 2 



[-G 



nnmm tt<2 



E*\ + 



cpq 

M 2 M 2 



Grink /~immk 
3 3 

E 2 -M 2 



(38) 
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T c2 + T t 



M 2 M 2 



1-r 2 1 
—E* - -tE 2 
16 4 



(G 



3 J 



- (-t+M 2 )M 2 Ml 



3+c 2 ^ 6 (5-c 2 )c , 3(l + 3c 2 ) . 4 



•32 



-E° 



-pqE* 
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^ 2 4 / 2 M4 

MlE 4 + 2M 2 



2M 2 



cpqE 



M_M\ 



E 



(39) 



+2cM 2 M^pq 



M " ~ - M 2 n M 2 m M 2 + 



T-3 = T c3 + T U = T 2 [t — ► u, c — > -c] . 



(40) 



Expanding these amplitudes Tj in the high-energy limit, we may identify all the contributions proportional to E 4 , E 2 
and E°, 



p2 nmm (E 4 -2MlE 2 - 2M*E°) 



(41) 



T 2 = 



4M 2 M 2 

-E( G 



Gnnrnm 
4 



(1 C)(3 + C) g4 + (1 _ c)M 2 ^2 _ cM 4£0 



7irnk\ 



(l-c)(3+c) . 



TT + UcM. 



1-c Mi 3 + c 
~~Ml 2 



M 2 \E 2 



M, H Mr. M, 2 - (1 + c) ^ + 

1-c * 1-c + * M, 2 



(42) 



^P^M% - 4cM*M 2 )E ( 
1 — c 



r 3 = T a [c-» - c ] 



(43) 



As expected, Ti oc c while T2 and T3 are related as in (|43[) . Hence, to obtain the entire amplitude Tw[nn,mm] we 
only need to compute Ti + T 2 . From (|4"Tj) - (j4"3")) , we now display the separate terms arising in T\ + T 2 at orders E 4 , 
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E 2 and E°, respectively. 



(T 1+ T 2 ) Ei = 



4M 2 M 2 



4 / j 3 



rnmk 
3 



G 



n n in in 



nm k 
3 



-(l-c)(3+c) 



(44) 



(Ti+T 2 ) E2 



E 2 



AM 2 M 2 



{\-Zc)MlGT mm 



Y^ G nnk G m. m k Mi 



2 k c 



AcMi 



1-cMl 3 + c 



Mr 



(45) 



{Tx+T 2 ) E0 



E° 



AM 2 M 2 



Qnnmm (_ 3cM 4 J G^ mfc [-cM^ + 6c(M^ + )] 



l G 3 J 



3+c m^ + c2 : 6c - 3 m^-(i + c)-^ m - 



1-c 



1-c 



(46) 



(1 + c) 2 

i- '- M 

1 — c 



Mf - 4cM 2 M 2 



We will apply the Equivalence Theorem to these expressions shortly, in order to derive sum rules. First, however, 
we need to compute the Nambu-Goldstone scattering amplitude to which the Equivalence Theorem will relate our 
present results. 



2. Purely Nambu-Goldstone Amplitude n^n n — > 7r^7r m (n,m > 0) 

Now we consider the related Nambu-Goldstone boson scattering process 7r° 7?^ — > ( n ' m — 0)- Beginning 

from the Lagrangian (fT4|) we directly compute the Nambu-Goldstone boson contact contributions, 



Gnr 
4 



s - -Mi 
3 4 



Gmirrnn 
4 



-Mi 



r, 



c3 



Gnnmm 
4 



(47) 



with s + t + u = 2Mi. . In (I47]) the quartic Nambu-Goldstone boson coupling G 



nnnvm 
4 



is given by the expression in 



Eq. (|15j) . which vanishes in the 5D continuum limit (N — > co). 

Starting from the Lagrangian, we can also calculate the contributions from Wk exchange in the (s, t, it)-channels, 



T s tu[nn,mm} 



ace bde 



^ade^bce 



k 



r 3 ^3 



u — t 
T^M 2 



-u+t 
s^M 2 



(cr fe ) 2 ^ 

&3 ) 



M 2 k 



s-t 



-u + M 2 I ' 



(48) 



where we have adopted 't Hooft-Fcynman gauge (£ = 1); extension to arbitrary £ will be discussed in section V. 
Recalling that taking c — > — c corresponds to exchanging t with u, we see that the two terms in e ace e bde [■ ■ ■] and 
e ade e bce [. . .j arc interchanged under c — > — c , as expected. 
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We can combine the preceeding to obtain the total Nambu-Goldstone boson amplitude as below 
T v [nn, mm] 




Note that, unlike the longitudinal gauge boson amplitude Ty/[nn,mm], the Nambu-Goldstone boson amplitude 
T^[nn,mm] contains no E -term and all nonzero terms grow with 0(E 2 ) at most. Furthermore, in the 5D con- 
tinuum limit, terms growing like E 2 in the Nambu-Goldstone boson amplitude T n [nn,mm] vanish and the leading 
terms in the amplitude go as E . 

Finally, we expand (jUJ) for large- E and derive the asymptotic amplitudes at 0(E 2 ) and O(E ), respectively, 



E 2 



2v 2 



-(l + c)£ 2 , 



(50) 




C. Amplitudes with one transverse gauge boson 

1. Gauge Amplitude W* T W h nL -> W^ L W^ L (n,m>0) 



Next, wc consider the scattering process W^ T W^ L — > W^ nL W^ nL , with one transversely polarized external held. 
The terms in these amplitudes that grow with energy are of order E 3 and E 1 . Expanding the amplitudes out to order 
E 1 , we obtain 



Tr[TL,LL] 
T 2 [TL,LL] 



2V2M n Ml 



i w 



E : ' 



M + E )-J2 G% nk G^ mk [E 3 + ( A/| -2M 2 )E] 



VT^c 2 
4V2M n Ml 



4 



X -±^E 3 - M 2 + E \ 



nmk 



^E 3 - (^M 2 - (5M 2 + Ml) + ^ ) 



(52) 
(53) 



T 3 [TL,LL]=T 2 [TL,LL](c^ -c) . 
With these we derive the combination T x + T 2 at 0(E 3 ) and 0{E l ) 



(Ti+T 2 ) E3 



8V2M n Ml 



4 I (J nnrarn ^ ^j ~rnnk Qrnrnk j I ^rnnratn ^ ^^mmfc^ J ^ 1 c) 



E> 



(54) 



(55) 



(Ti+r a ) B i = 



4V2M n Ml 



G% nmm {-3Ml) + Y^G™ k G™ mk 2 (2M 2 - M 2 ) 



n?nk\ 
3 j 



M 2 -{5M 2 m + M 2 n ) + 



M 



r-i 



E 1 



(56) 
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2. Nambu-Goldstone Amplitude Wn T ix n — > 7r™7r m (n,m>0) 

For the related Nambu-Goldstone boson process W^ t tt„ — » tt^tt^, no diagram grows as E 3 , and the only diagram 
that contributes at 0(E 1 ) is the contact diagram including the W — tt — tt — tt coupling from (fTB|) : all other diagrams 
are of O(E ) or smaller. Computing the amplitude at 0(E 1 ), we find 



41 

± \ vvt'h i '"'"IE 1 = 

which gives 



mrnun 



T[W T n, ™} E i = 41 (<5 ac <$ bd - <5 ad <S bc ) Vl-c 2 J5 , (57) 
2\j2v 



T 1+ T 2 ) = ^^^T^E. (58) 



For 7r°7r^ — > W^T^m-i one obtains the same result with n <-> m. 



D. Amplitudes with two transverse gauge bosons 

1. Gauge Amplitude W^ L W^ L -> W^ T W^ T (n,m> 0) 

When we compute the amplitude for W^ L W^ lL — ► W^jW^j, employing the transverse polarization vectors e" T3 and 
e" T4 from ([23]) , we find the respective contributions of the contact diagram, the s-channel diagram, and the i-channel 
diagram to be 





= o, 




^rnnmm 




^abe^cde 




^ace^bde 



E - 1 



T 3 



1 — 2 1 2 2 

--M k + M m 



(l-c) 2 - 2 , 1-c— 2 1 + cM 



4 1 



M, - 



M 



k J 



(59) 
(60) 

(61) 
(62) 



where the "bar" signifies normalizing by the mass of the nth gauge boson KK mode, as in Eq. (|26|). Thus we deduce, 

1+C 2 ^2 



(Ti+T 2 ) E2 

(Tl+T 2 ) E0 : 



(63) 



cr m - + E 5( G r fc ) 2 (-^ + =p 



E 



GnnA: r-imrnk 
3 u 3 



l^-r2 —2 

-M fc - M m 



(G r 3 



ife\2 



1 /_2 M_ 



fc I" =2" 



(64) 



On the other hand, if we perform the calculation employing the transverse polarization vectors e T3 , and t TA , instead, 
we obtain 



(T[+n) E2 =i 



(65) 



(T 1 '+T^) iJ o=- 



E 



Qnnk Qmmk 



Mi 



-M 2 m \+{G^ mk fM 2 _ 



(66) 
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We will sec that the different results for the alternative polarization yield additional sum rules at O(E ). 

Performing the related calculation for the inverse process ^^nT^^nT — * ^^mL^^mL using the transverse polarization 
vectors e Tl and <T T2 yields results of the same form as (f63|) and (|64|) but with E —> E and M — > M. That is, one still 
normalizes by the mass of the longitudinal external boson, but this is now an outgoing state of index m as Eq. (|27| . 
Likewise, if we use the alternative polarization vectors e TV and ~e T2 , we obtain a result of the same form as (|65p and 
flU but with E -> E and ~M -> M. 



2. Nambu-Goldstone Amplitude 7T^7r„ — * W^W^t (n,m > 0) 



When we compute the Nambu-Goldstone boson amplitude -> 

^mT^mT j using the transverse polarization 
vectors e" T3 and e^, we find that the relevant contact diagram contribution is of O(E ): 

f c3 = -G n £ mm = -f cl - f c2 . (67) 
The s-channel and t-channel contributions are also of O(E ): 

f ls = J2G% nk G% imk — , (68) 

fc 

fa = ^(Gf™) 2 i±^. (69) 

fc 

Note that the s-channel contribution includes both pure-gauge and gauge- Nambu-Goldstone couplings, while the t- 
channel result depends only on gauge-Nambu-Goldstonc couplings and involves a sum over the KK-Nambu-Goldstone 
mode index k (rather than a KK-gauge boson index). From the above equations, we find 

fi + fa = G%£ mm + Y^G3 nk G? mk — +]T(G™ fem ) 2 — + 0{E~ 2 ) . (70) 
fc fc 

Repeating the calculation with the transverse polarization vectors e" T3 / and e TV instead yields 

T[ + T^ = G™ mm + ^2G% nk Gr? mk — + 0(E- 2 ). (71) 
fc 

Performing the related calculation for the inverse process W^ T W^ T — ► 7r£, 7?^ with polarization vectors e T1 and e T2 
(e T1 i and e^') yields the same result as in Eq. (|70|) (Eq. (|7ip ) but with ?i <-» m. 



E. Amplitudes with three transverse gauge bosons 

1. Gauge Amplitude W% L W* T -> W^ T W^ T (n,m>0) 



We first compute the amplitude for W^ L W^ T — > H^ T W^ T using the transverse polarization vectors (ct2j e T3> ^ti) 
from (|23|) . We find the respective contributions of the contact diagram, the s-channel diagram, and the f-channcl 



diagram to be 





= o, 




/-innmrn 


T, 


^abe^cde 




^ace^bde 



--cyJl-c 2 E 
2 



mnfe s~imTnk 



^ ^ QnnfCQ 



^l-c 2 E 



~inmk\2 



-i + |) v / i z ^£ 



Combining these and keeping all terms of order E° or involving positive powers of E, yields 



Tl+T 2 : 



fc 



(72) 
(73) 

(74) 
(75) 

(76) 
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where the O(E ) contribution vanishes. 

We have also computed the amplitude for W^ L W^ T , — + W^ T /W^ T , with the alternative transverse polarizations, 
(era' j £t3'! ^T4')- Keeping terms of order E° or involving positive powers of E, we derive the final result, 

T[+T! 2 = ^PT^T^-iGT^Vl-^E. (77) 

k 



2. Nambu-Goldstone Amplitude ir a W% T — > W^ T W^ T (n,m > 0) 

Due to the absence of a w-W-W-W contact vertex, the leading term in the amplitude for irWnT —> W m TW m T starts 
at 0(1/E), i.e., 

f[^W b nT -> W„ c lT l< T ] = 0(1/25) . (78) 
We will find that this is of the same order as the A/ " " suppressed i?-term in the Equivalence Theorem (see Section 

MM- 



IV. GENERAL SUM RULES FROM THE EQUIVALENCE THEOREM 

In this section wc use the Equivalence Theorem (ET) to derive general sum rules that relate the masses of the KK 
modes to the couplings among the gauge and Nambu-Goldstone bosons. These sum rules, which are collected in Table 
IU are general in several senses. 

First, they apply to inelastic nn — > mm scattering, not just to the more restricted case of elastic nn — > nn scattering. 
We show that some of the relations do have counterparts for elastic scattering, but others can be derived only by 
looking at inelastic processes. 

Second, they arise directly in any consistent gauge theory in 4D or 5D, rather than being imposed from the outside 
like the 5D elastic sum rules in [l[. Moreover, while we have taken a linear deconstructed model as our benchmark, the 
form of the relations transcends this. The sum rules relate the various G's and G's, defined simply as the coefficients 
of the multi-boson contact interactions arising from the Lagrangian kinetic energy terms in Eqs. (fTTj) . (fT4| and (|16p . 
As mentioned in Section [TlJ in models other than a linear mooose, the detailed expansion of the pion-gauge-boson 
couplings in terms of the matrices R and R will differ from what is written in Eqs. (fTTj) - (|20|) . But that will not 
change the form of the sum rules as written in Table [T] This is because all of our sum rules are derived from the ET 
which relies only on the spontaneously broken gauge symmetry of the Lagrangian. 

Third, they apply directly to 4D deconstructed models and, when the appropriate limit is taken, to 5D continuum 
models as well. The major difference between the continuum (TV — > oo) limit and the deconstructed theories with 
finite TV is that the four-pion coupling G4 and the ttttttW coupling G41 vanish in the continuum limit. As a result, 
the order E 2 terms in the scattering amplitudes cancel completely only in 5D theories while for deconstructed 
theories order 25 2 -terms originating from the nonzero quartic Nambu-Goldstone boson coupling Q™ nmrn remain and 
are suppressed by a factor 1/(TV+1) [l6| . Wc quote the form of the sum rules in 4D deconstructed theories in Table 
12 those for the 5D theories correspond to the special case of setting G4 = and G41 = 0. 



A. The Equivalence Theorem in 4D and 5D 



The Equivalence Theorem (ET) in 4D connects the longitudinal gauge boson amplitude to the corresponding 
would-be Nambu-Goldstone boson amplitude in any gauge theory with spontaneous symmetry breaking (Bij , 

TIKIl ■ KIl W£ L ; * J - T[v%\ , i^Z , • ■ ■ , i5r£ ; $ a ] + B , 

' , N (79) 

B = ZJ t T Kl > ' ■ ■ , «r£ ; * a ] + permutations] . 

1=1 

The symbol <!> Q denotes any other possible amputated external physical fields, such as the transverse gauge boson 
W" T . All external lines are directed inwards, and the u° are defined as 

< = < ( Pi ) , < (ft) = - jL = O (^f) , (80) 
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where a is a gauge-group index, fi is a Lorentz index, n labels the KK level, i identifies each external state in the 
scattering process, and pi is the momentum of that state. For simplicity we have dropped a multiplicative factor 
C = 1 + O(loop) associated with wavefunction renormalization of the external Nambu-Goldstonc fields on the RHS, 
which will not affect our present analysis. Power counting [5~H shows that the longitudinal gauge boson amplitude 
contains terms of 0(E 4 ), 0(E 2 ) and O(E ), while the Nambu-Goldstone boson amplitude only contains terms of 
0(E 2 ) (proportional to quartic coupling G4) and 0(E°). Therefore the ET enforces an exact i? 4 -cancellation in the 
longitudinal gauge boson amplitude, and further requires the £' 2 -terms of the longitudinal amplitude to exactly equal 
the i? 2 -terms in the Nambu-Goldstone amplitude (the first term on the RHS of the first equation in (|79p). 
A general estimate of the i?-term in (|79[) gives [55( , 

B = O T[m% , • • • , iSr£ ; <& Q ] + O (^j T[W% Tj , iSr£ , • • • , iSr£ ; $a] • (81) 

For the two-body scattering processes in deconstructed models, the leading contributions to the amplitude 
T ^l\^nl^nl^n\] scale like E ' \ wnile the leading contribution to the mixed amplitude T[W^ T . , tt°| , 7r£j] 
scales like E 1 . These contributions arise from the G4 and G41 couplings in Eqs. (|15|17p and from this we deduce 
that, in any deconstructed theory, 

B = o(gE°) + 0(M 2 E- 2 ) . (82) 



where M is the mass of an external line. 

In the 5D continuum limit the would-be Nambu-Goldstonc fields {7?^} become the 5th component of the corre- 
sponding 5D gauge fields {W^°}. So we find that the Kaluza-Klcin Equivalence Theorem (KK-ET) for a compactificd 
5D theory with arbitrary geometry takes the following form [TH, [l8| , 

T[W£ L ,W£ L ,--- ,W£ L ;$ a ] = T\iW^,iW^,--- ,iW2?;$ a ] + B. (83) 

Since there are no 3- and A-W^ a couplings in any continuum 5D Yang-Mills theory, the couplings G4 and G41 vanish 
in the continuum limit. In 5D, since the LHS of Eq. (|83|) is purely longitudinal, the S-term in (f82|) reduces to 

B = 0(M 2 E- 2 ) , (84) 



where, again, M is the mass of an external line. Therefore, using the longitudinal amplitude on the LHS of (|83[) and 
the Nambu-Goldstone amplitude on its RHS, we can derive a new sum rule at O(E ) valid for continuum 5D models 
which do not involve the B-term. 

We stress that the sum rules we are about to derive from the ET (|79[) or (|53")) [l5l , [l8j do not depend on any particular 
boundary conditions: they hold for general deconstructed theories and the corresponding 5D theories with arbitrary 
5D geometry. For instance, it is straightforward to verify that they all hold for the 5D S 1 /Z 2 model studied in [l5j . 

B. Sum Rules from LL — > LL Scattering 
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1. Equivalence Theorem at Order E 

As discussed above, the ET ([79jl enforces an exact ^-cancellation in the longitudinal scattering amplitude for 
either deconstructed theories or continuum theories, i.e., 

Tw[nn,mm] E 4. = 0. (85) 

Based on the form of the E 4 terms in the amplitude of Eq. (|44|) , we obtain the following two sum rules at 0{E A ), 

Qnnmm ^ ^nnfc^imm^ (86) 

fc 

G nnmm = ^^mfej^ ( 87 ) 
fc 

For the special case of elastic scattering, Eqs. ()86l)- (l87|) reduce to a single sum rule, 

r~mnnn \ ^ I f~rnnk\ 
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which is of the same form as the one discussed in ref. [l|. 

Indeed, these sum rules directly follow from the fact that the mass-squared matrix for the gauge bosons of a 
spontaneously broken Yang-Mills theory is real and symmetric - and is thus diagonalized by an orthogonal matrix. 
We can explicitly verify them by inserting the general definitions (|12p - (|13p for the cubic and quartic gauge couplings 
into Eqs. f86 ]) -(|8T| ) and applying the orthonormality condition RR T = R T R = /. We will return to this point in 
Section ED 



2. Equivalence Theorem at Order E 2 



As discussed in Section ITV Al the ET (|79j) enforces an equality between the gauge and Nambu-Goldstone scattering 
amplitudes at order E 2 , 



Tw[nn,mm]E2 = Tit[nn,mm]E2 ■ 
Applying this to Eqs. (|45|) and (j50|) . we can deduce two independent conditions 

' M A 



2M\GT mm + i G 3 mk y 



Ml k 



4M 2 M 2 ~ 

n in s-innmrn 

o {- > A 



(89) 
(90) 



Y,[P 



3 ) 



Gnnk r^mmk 
3 U 3 



k 



Ml 



(91) 



We note that the new sum rule (|9Tj) does not depend on the quartic coupling G™ lmm , so it is unchanged in the 



continuum limit where G"™ mm = holds. Substituting Eq. (|9"Tj) into Eq. (|9"0"j) and applying Eq. (|57|) . we obtain 



E 



[Gl mk ) 2 (Ml - Ml) - ^G^ nk G n z imk Ml 



2M 2 M 2 



£r 77,71 



v- 



(92) 



Taking the special case of elastic scattering (n = m), we immediately see that the general sum rule (|90|) reduces to 

f 2 ~ 

n s-tnnnn fdO\ 
2-(-r 4 , [\)6) 

k 



Qnnnn 



4M, 



f2 



which is a generalization of the continuum limit ^G™""™ = Oj sum rule derived in [l|. Our second sum rule (|9Tj) at 
order E 2 . on the other hand, becomes a tautology for m — n, implying that this new sum rule exists only for inelastic 



channels. 



3. Equivalence Theorem at Order E° 

Using the sum rules derived above, we may further simplify the longitudinal gauge boson amplitude (|46[) at O(E ), 
obtaining the form 



(Ti+T 2 ) E0 



E° 



~mmk\ 



AM 2 M 2 , 



Mt-\Mi\-2M 2 + (Ml-hl_ 



E( G : 

k 

E[( G 

2 —M 2 n M 2 m Ml(\ - c) 



3 + c 2 



-tn i n k\ - /-rn n k. /- ri ri i n k 
r 3 j ~ U 3 ^3 



Af^nnrara 



1-C 

M fe 4 -2M 2 M 2 )c + G n A nmm Mtc 



(94) 



For convenience we also rewrite the Nambu-Goldstone boson amplitude (|5T|) as follows 



mini 



2 3 + c 2 
4(l-c) 



&3 J 



Gnnk rymmk 
3 U 3 



(95) 



— ^ — Ml ( r + c 



17 



As discussed in Section IIV A[ these E° terms in the gauge and Nambu-Goldstone scattering amplitudes are related 
by the ET (|75]l . 

For models with vanishing quartic Nambu-Goldstone boson coupling Q™ %mm = (such as 5D continuum theories), 
we find that the B-term is 0{E~ 2 ) as in (|84|) . so the ET condition ()100|) reduces to, 



Tw[nn,mm]EO = T„[nn, mm]fio 
Applying this to Eqs. ([Mil and ((95]) yields the sum rules 

k 



for G 4 = 



E( G 3 



M, 2 - Mi - 1 



M n M n 



junk 
3 



Qnnrrirn | ^ ^ |~^mm/c^ Qnnk q 



mink 
3 



'M£-2MlMl) 



Gnnk /^irnmh 
3 U 3 



(96) 



(97) 



(98) 



As we will see shortly, both continue to hold even for G ^ 0. For the special case of elastic scattering (n = m), the 
sum rule ([97]) reduces to, 



irnkX 



Ml 

Ml 



G 



nnfc 



(99) 



(101) 



On the other hand, for n = m, the sum rule (|98| is trivially satisfied, i.e. it exists only for the inelastic scattering. 

In general 4D deconstructed theories with nonzero quartic Nambu-Goldstone boson coupling G 4 mmm ^ 0, the 
B-term is actually of O(G 4 E ) (cf. Eq. {52])). This means the new sum rules at O(E ), as imposed by the ET (|T9"]) . 

Tw[nn,mm]E° = T n [nn, mm]E° + Be° , (100) 

will involve the couplings G4 and G41, from Eq. (fT5|) and ([17]) . Generally speaking, we can decompose the B-term 
according to its weak-isospin structure, 

B[nn,mm] = e abe e cde B 1 + e ace e bde B 2 + e ade e bce B 3 

= e ace e bde {B 1 + B 2 ) + € ade e bce {-B l + B 3 ) 
= S ab S cd {B 2 + B 3 ) + 5 ac S bd (B 1 - B 3 ) + S ad 5 bc (-B 1 - B 2 

In this case, the term B E0 consists of four diagrams involving the n — tt — tt — Wjf contact vertex ([T 

B [nn,mm] E a = T[v n)1 (pi) , iir b n , -in^, -iir^] + T[vk^ v nfl (p 2 ) W^, -fit* 
rK, tTf*. «m„(p3) W%, -»l]lTK, inl -in c m , v m ^( P4 ) W%] , 

where each v%. (pj) = • — jj- is computed to its leading order at 0(M nj / E). We find 

A 
~3v 

where 

jit s~tmmnn , i t r<»n 

So we arrive at 



S £ «Kmm] = ^ [25 Q V d -5 ac <5 M (l+3c)-rV c (l-3c)] +0(Ml m /E 2 ) , 



-inn mm 



(Si + b 2 ; 



+ 



3e 



■(l-3c). 



(102) 

(103) 
(104) 
(105) 



Finally we substitute ([94]) . ([95]) and (|105[) into the ET identity (| 100[) . in order to find the sum rules that apply for 4D 
deconstructed models. The ET identity (|100|l requires the total coefficients of 3 1 ~^ c e and c, and the c-independent constant term 
to vanish separately. The first two conditions yield the same sum rules, Eqs. (|97[) and (|98[) . as we derived in the continuum 
case. The coefficient of the c-independent constant term (arising from the quartic couplings Q2 nmm and GJ™" 1 " 1 ) has the form, 



3v 2 



-Ml + An 



3 c 



(106) 



Requiring this to vanish gives rise to a new constraint at O(E ). Inserting the definition (|104|l puts this constraint in the form 
of a relationship between the two quartic couplings in the Nambu-Goldstone sector, 



= -G 



nnmm 



2A/f 



(107) 



18 



C. Sum Rules from LL — > LT Scattering 



In addition to the purely longitudinal scattering processes we have investigated thus far, there are additional scattering 
amplitudes involving a mix of longitudinal and transverse gauge bosons, where the ET (|79|) can be applied to yield further 
constraints on the couplings and masses. Of particular interest is W% T W^ L — > W mL W mL (and processes related by crossing), 
since the leading term in the Nambu-Goldstone amplitude (see Sec. Ill C) involves only the coupling G™"""™ which we have 
just constrained in Eq. (|107[) . This suggests that applying the ET to W^jWnL ~ * ^mLWmh wu l yield a new sum rule involving 
G2i mm and the gauge couplings GJ" mm and G£ mfe . We will show that the new sum rule, together with (fT07)) . fully determines 
Qnnmm - m t ermg Q f Q ther couplings and masses. 



1. Equivalence Theorem at 0{E A ) 

Because the Nambu-Goldstone boson amplitude vanishes at 0(E 3 ), i.e., T[W n TTrn,Tr m Tv m ] E 3 = (cf. Sec. Ill C) , the ET 
constrains the sum of iJ 3 -terms (|55|) to equal zero, which results in the now- familiar sum rules, (|86I) -(I87 | ) previously found 
for LL — > LL scattering at order E 4 . This is not unexpected, because the _B 3 -cancellation involves only the pure Yang-Mills 
interactions, not the gauge boson mass-term (or the Nambu-Goldstone interactions on the RHS of the ET). 



2. Equivalence Theorem at 0(E 1 ) 

For the scattering W£ T W* L -» W mL W,i L (W£ T n^ -> TT^fim), we And that applying the ET to Eqs. JSBJl and (JSHJ imposes 
condition 

, gmmnn = .j^gj* + Qnnk Qinmk 2 (2M% — Mfe ) - Y] (g^) ' ( M% - (M„+5M^) + ^] . (108) 

k k V ' ^ M kJ 

Similarly, for the scattering W% L W^ L — > W^ L W mT as in (f56| and the scattering TT n Tr„ ~^ iH^T as in <[58|) with n <-» m, we 
deduce, by explicit calculation, 

2MlM m gnnmm = _ 3M | G j»« + G% nk Gg mk 2(2Mn -Ml ) - (GT k ) 2 (M% - (MI+5M*) + . (109) 



k k 

By taking the difference between (|108[) and (|109[) . we derive a condition, 



2M n M, 



(M n G4i" mm - M m GTi mnn ) = ±M 2 _ 



<^3 J — ^3 ^3 



(110) 



The sum rules (|86|) and (|87|) tell us that the RHS is zero, yielding 

M„G?r mm = M m GTi mnn ■ (111) 
On the other hand, if we take the sum of Eqs. (|108[) an d (|109|) . we derive another condition, 

^L n -M m / p^nnmm . * r pimmnn\ ^-M n AL m p^nnmm / -t r,\ 

JW ?l (_T41 + iw m (-J4i — Lr4 , l 11 ^) 

V \ IV 1 

which simplifies as 

Mp^nnmm , * r p^mmnn ^^Vinfvlm p^nnmm /11Q\ 
n Lf41 + Mm»J4i — (_T4 . l 11 ^] 

V 

Substituting (11111) into (|113[) yields two expressions for G41, 

Qnnmm 2K'Im ^nnmm ^ymmnn 2Al n ^nnmm (114) 

41 ^ 4 ) 1 H 4 ' 

Similarly, if we substitute (|111|) into (|107|) , we again obtain the relationships (|114|) . Note that the 4-Nambu-Goldstone coupling 
GT mm is symmetric under indices (n,m), i.e., GT mm = G? mnn . 



19 



D. Sum Rules from LL -> TT Scattering 

For the scattering process WnhWnL — > W m TW m T {^n^n —* WmTWmr), the Equivalence Theorem (ET) takes the form, 

Tw[nn,mm] = r,[im,mm] + B , (115) 

b = rKC^!: Ct, wIt] + t[ w ;, d^!"; fc, ■ (ne) 

For the current case, it is straightforward for us to explicitly count the _B-power dependence of the B-term under the Mw„ /E 
expansion, and we find 

B = 0(E~ 2 ) , (117) 
where the absence of a 4-point tt-W-W-W contact vertex is crucial. Hence, the B term will be negligible in this case. 



1. Equivalence Theorem at 0(E 2 ) 



Because the scattering amplitude involving Nambu-Goldstone bosons has no order E 2 term, the coefficient of E 2 
in the W n iWnL — > W m TW m T amplitude must vanish; this holds for Eqs. ([55]) and ([70)1 in which polarization vectors 
e~ 3T and e~ 4T were used and also for Eqs. (|65[) and (|7ip where polarizations ~e 3T , and e iT , were used instead. The 
results duplicate the previously derived sum rules (f5o]) - (|5T|) . 



2. Equivalence Theorem at 0(E ) 

We will apply the ET, in turn, to the amplitudes calculated using polarization vectors ? 3T and e~ 4T and those using 
<T 3T , and t 4T ,. In the first case, the ET requires that the right-hand-sides of Eqs. (|64[) and (fT0|) be equal. From the 
terms that are independent of scattering angle, we find the sum rule, 

-mmk\2 



( rmmk\2 I n/f \ ^ i 



k \M k 
while from the terms proportional to c we obtain, 



E 



i 4 

t2 ^2 s ,™^ 2 / M - -^2' 



Gr fc Gr mft (M fe -2M m )+ (G^T [ =^ +M fc 



E[(G3 fem ) 2 -G^ nfe G^ mfc . (119) 



Note that the Nambu-Goldstone coupling G^ km differs from G^ mk when k ^ m because here the first two indices 
denote the Nambu-Goldstone bosons and the third index always denotes the gauge boson by definition. This is 
contrast to the triple gauge coupling G$ which is fully symmetric under exchange of its three indices. 
In the second case, we obtain, instead, the sum rules, 

GJ nmm +E( G 3 ml f (M 2 --Ml) = G^ mm , (120) 

k 

Y^[Gr k GT mk (2M 2 m -Ml)~2{G^ mk ) 2 M 2 _ = ^G 7 ^ nk G^ mk , (121) 

k k 

which contain additional information. 

It turns out that these four new sum rules are not all independent of one another. The sum of (|118[) with (jl20|) 
and the difference between (|119[) and Q121[) both yield the same equation: 

E(^3 fcm ) 2 = £(GT*) a (M*-=^ , (122) 
The complementary combinations, however, result in two independent equations, 

Qnnmm \ A _ l^ynnk^immk , ^rniik Qrnrnkji^^ (123) 

4 / j 2 |_ 33 A..' \ / 

k 

Qnnmva = Gnnmtnjf^ _ ^(q«*)2]^ . (124) 
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Thus, the LL — > TT scattering yields a total of three new relations among the gauge and Nambu-Goldstonc couplings. 
For the special case of clastic scattering, the three sum rules reduce to, 



(125) 
(126) 
(127) 



E(Gf i ) 2 = £( G r fc ) 2 

k k \ ™. 

k 



Gnnnn 
4 

Gnnnn 
49 



-innk 
r 3 



E. Sum Rules from LT -> TT Scattering 



Applying the Equivalence Theorem to the amplitudes in section UlI El simply constrains the O(E) terms from the 
gauge scattering process to vanish. This yields, once again, the sum rules (|55| - (|57|) . 

All of the sum rules derived in this section are summarized in Table |TJ 



IMPLICATIONS OF GAUGE INVARIANCE 



W^Wt in i? 5 -Gauge 



The calculation of this process in gauge differs in two major respects from the unitary gauge calculation. First, 
the t(u)-channcl PFfe-exchange contains the propagator 



9 



(£-i)?yy 



rather than the unitary gauge propagator 



(128) 



(129) 



which is the £ — > oo limit of Q128p . Second, there are additional diagrams arising from (s, t, w)-channel exchange of 
the Goldstone mode TTk with propagator 

(130) 



p 2 - ml 



^4 



These diagrams involve the VVir vertices, whose coupling G^[ nk (TT9")) is antisymmetric under n <-» m. 

Let us start by considering the s-channel diagrams. For s-channel Wfe-exchange, the p^p v term from the Wk- 
propagator vanishes identically for the nn — > mm scattering due to the on-shcll conditions k\ = fc| = and 
-M^j. Moreover, the contribution of the s-channel 7Tj, -exchange diagram to nn — > mm scattering also 
Qmmk _ q Hence, the only s-channel contribution to WW scattering is that from the 
g^ v term arising from Wk exchange - exactly as in unitary gauge. Note that the ^-independence in the s-channel 
PFPF-amplitude is automatically realized here, for arbitrary polarizations of the external gauge bosons and without 
any additional condition on the couplings and masses. 

Next, we analyze ^-channel W^-exchange in the i?^-gauge, 



vanishes because G™ k 



T t R [W k }= e ace e bde J2( G T nk ) 2 



g aa (g - i)(pi - PzYiPi - psT 

t-Mi + (t-MDit-mi) 



T, 



(131) 
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Since the g^ v terms of the Wk propagator are ^-independent, we will focus on the p^p u term. We can compute the 
(pi — P3) a (pi ~ psY term for a given k as 



A, 



(e-i)(pi - P3 ) g (pi -p 3 y ^ 

(t-M$)(t-£M*) 



(t-l){pl-p\){pl-pl) 



(t-M*)(t-$M*) 



M 4 



t-M* t-tM* 

Likewise, the t-channel (pi — pz) a (pi — P3) a term in unitary gauge is 

-(pi-ps) a (pi-psr'/Mi- k 



t-Ml 



Mi 



t-Mt 



so that the contributions from Wk exchange in the two gauges differ by, 

M 4 



A R - A v = (e r e 3 )(e 2 -e 4 ) 



* - ^1 



t - Ml 



M£(t-$M£) 



Ml 



Mi 



MKt-dMi) 



Hence, the complete i-channcl amplitudes from Wk exchange differ in the two gauges by the amount 

T t R [W k ]-T t u [Wk] = e ace e hde E( A « - Au)(G% mk ) 2 

k 

_ ace bde (? ~ )( ? . ? ) V M ~^3 > 



Similarly for the u-channel W^-exchange we have 

T?[W k }-T"[W k ] = £ arfe £ bce (e r e 4 )(e 2 -e 3 ) E 



Mi{G 7 i mk ) 2 
Ml{u-iMl) 



(132) 

(133) 

(134) 

(135) 
(136) 

(137) 



Goldstone 7Tfc-exchangc contributes only in gauge; in the i-channel and it-channel, we thus obtain, respectively, 

-{M m + M n ) 2 {G^ k ? 



T t R [n k }-T t u [n k } = e a ™e bde (-V^X^) E 



-(M rn + M n ) 2 (G%[ 



2(rmmk\2 



u-iM 2 k 



(138) 
(139) 



It is evident that gauge-invariance (^-independence) of the physical WVF-scattcring amplitude must enforce an exact 
cancellation of the unphysical ^-dependent mass-poles (l/(t 2 — £Mf ) and 1 / (u 2 —£M k )) between the WVexchange and 
^-exchange contributions. From p35[) - (|138[) and (|137p - (|139p . we thus deduce the exact ^-independence conditions, 



E 

k 

E 



M 4,- G nmfc)2 



(M m + M n ) 2 (G^ k ) 2 



. Ml 
Mt(Gl mk ) 2 
M~k 



1 



-{M m + M n f{G^ k f 



t-£M k 
1 



2- = 0. 



u - £M 



2 = 0, 



from which we derive a new condition for exact gauge-invariance, 

(G%? k M k ) 2 = (GT lk {M n -M m )f 



(140) 
(141) 

(142) 



We note that both G^ mfc and M„ - M m are anti-symmetric under exchange n m , while G^ mk is symmetric with 
respect to indices (n, m, k). We stress that our derivation of the ^-independence condition (|142[) is completely general: 
valid for the gauge-boson amplitude with arbitrary polarizations of the external gauge boson states and independent 
of any detail of the model (either 4d-deconstruction or 5d-compactification) . 
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B. <7r„ -> 7r^7r m in _R r Gauge 

Having verified that the amplitude for WW scattering is gauge invariant, and therefore independent of £, we should 
now examine the ^-dependent contributions to the process nffin — ► ^m^m m ^? g au g e - These could potentially affect 
the sum rules derived earlier using the ET, where the W^T^-amplitudes were computed in unitary gauge and the 
7f7r-amplitudcs were derived in 't Hooft-Fcynman gauge. 

Let us consider the (£— l)-contributions of the Wfc-propagator to the s, t and u channels, in turn. The s-channel is 
the most straightforward to deal with. Due to the on-shell conditions k\ = k\ = M 2 and fcf = fcf = M^, one may 
readily show that the (£, — l)p fJ 'p 1 ' term exactly vanishes in the s-channel. However, for the i-channel, the (£ — l)p^p v 
term no longer vanishes and, instead, gives the following contribution, 



[iPl +P3)- (Pi -P3)] {{P2 +Pi) ■ (P2 -Pi)] 



, 4 V " d ' " (t-M 2 )(t-^M 2 ) 



e ace e~ 



1 ~ ( M 2 — M 2 \ 2 

Me Y 4(G? mfc ) 2 (^ - 1) ; r "\/ i : PTs = 0(E~ A ). (143) 
^ 4 3 ' ^ ' (t - Ml){t - £Ml) v ' v 1 

Similarly we can deduce the it-channel contribution from the (£— X)p p 'p v term of the Wk -propagator, 

1 „ (Jlf2 _ jur 2\2 

e a d e ebce ^ _ (Qr » )ag _ 1} _ = O^" 4 ). (144) 

The above proves that the ^-dependent terms arising from the W^-propagator actually vanish up to 0(1/E 3 ). Hence, 
these ^-dependent terms will not affect the sum rules derived in Sec. IIV Bl via the ET at 0{E l ) (I = 4, 3, 2, 1, 0). 

VI. DECONSTRUCTION IDENTITIES IN HIGGSLESS MODELS 

This section presents an alternative way of deriving relations among the couplings and boson masses in Higgsless 
models. We start by deriving completeness relations based explicitly on the orthogonality of the gauge boson diagonal- 
ization matrix R and the Nambu-Goldstone boson diagonalization matrix R. Then, we derive a set of Ward-Takahashi 
identities relating each coupling involving Nambu-Goldstone modes to couplings of gauge modes only. 

Several results presented here are specific to linear moose models and their 5D continuum limits because their 
derivation draws directly upon the form of the mixed gauge/Nambu-Goldstonc couplings in Eqs. (TIT)) - (T2TH) . Within 
this class of models, however, the relations derived in this section form a generalization of the ET sum rules obtained 
in the previous section because they are not restricted to nn — > mm processes and allow all of the coupling indices to 
vary independently We will discuss more general applications of this method in Section I VIII 

A. Completeness Relations 

Recall from Section [H] that the gauge boson and Nambu-Goldstone boson mass matrices are given, respectively, by 

= Q T Q, = QQ T (145) 

where Q may be written for linear moose models as (Eq. (f5])), 



1 2 



/ go h -gih 

.91/2 -32/2 

V 9nJn+i ) 



(146) 



We likewise recall that the matrix Q is diagonalized by orthogonal matrices R and R, 

M^ ag = R T Q T R = R T QR, (147) 
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where the matrix R describes the KK gauge-boson mass-eigenstate "wave-functions" in the deconstructed bulk, while 
R describes the KK NG-boson mass-eigenstate "wave-functions" . 

We now use this information to derive some component-level expressions that will be of use in our analysis. From 
Eq. (fT4"Tj) we see 

RM d ; ag = QR, (148) 

which implies 

Rj,fcAffc = (QR)j,fc 

= ligj-ifjRj-i.k-gJ^k). (149) 

Note that Eq. (|149|) relates the KK NG-boson wave-functions to the KK gauge-boson wave-functions. It will be used 
in the derivation of Ward-Takahashi identities later. In a similar manner, from Eq.([5|), we see 

R(M^ ag ) 2 = M^R, (150) 

and thus 



Rj>Af n — (M ff R)j in 

= 4#i(/! + - ^9j-l9jfj Rj-l,n - ^3i.9j + l/j + l R J + l,n- (151) 

Because R is an orthogonal matrix, we may write 



— (^•^• T )jj v = £ T{ , ; R, , , (152) 

fe 

which may be understood as a completeness relation for the KK gauge-boson wave-function. A similar relation hold 
for KK NG-boson wave-function, R, 

hr = (RR t )j,j' = £ R ; , T{ , /, (153) 



B. Identities from completeness relations 

We are now ready to derive identities among the various 3-point and 4-point couplings discussed in Section [II] We 
first consider the product of three-point gauge-boson couplings: 

^ G^ mt G e 3 kl = ^2 £ 9jgj'Rj,n'Rj,rn'Rj,i'Rj' ,kRj> ,i- (154) 

Using the completeness relation Eq. (|152j) resolves the sums over i and j' on the RHS, yielding 

G™ ni G^ 1 — gjR^nR^mRj^R^fc. (155) 

i i 

Comparing this with the definition of G4 in Eq. (|13[) we obtain an identity, 

^ y Qnrai Qtki Qnmtk (156) 

i 

which is, therefore, a direct consequence of the completeness relation for R. Note that since this derivation makes no 
use of the explicit form of Q, its result applies generally to models beyond the linear moose. 

We next discuss the product of three-point couplings involving a mixture of gauge and Nambu-Goldstone modes, 

J2( M n + M m )G%r(Mt + M k )G e 3 f 

i 

= -7 9j-l9jfj(R-j,nRj—l,m — Rj-l,nRj,m)Rj\i 

» id' 

x 9j'-i9j' fj'Q&j',eR-j'-i,k — Rj'-i^Rj'.fe)Rj',i- (157) 
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Applying the completeness relation Eq. (|153p yields 

^(Afn + M m )G^ 1 (Mi + MkJG^i = — ^ gj^gj/jCRj^ILj-i^ — R 7 -_i i „Rj im )(Rj ) fRj_i i fe — Rj-i^Rj-^). 

i 3 

(158) 

Furthermore, combining Eq. (|15ip and the completeness relation Eq. (|152p yields. 

G3 kl M?G™ tl = - ^ g) : /fR f i.„R f ;,„,T{, ;,,R, : > 

i 3 

3 

~7 .'/T' :.'/^/fR; .< ,.,,.T{ , ,T{ , 

j 

T ^2 9j-l9j /j Rj,nRj-l,mRj-l,fRj,fc , (159) 



4 ■ 



from which one may derive, 

^ G „fci G m« _ GftG^M? = G^MfG^ - (n <-+ m) . (160) 

i i 

Comparing this term by term with Eq. (|158p reveals another identity, 

J2i M n + M m )G%[ ni (M e + M k )Gif = J2(Gf l G 7 3 U ~ Gf l G^ kl )M?, (161) 



which may be regarded as a consequence of the completeness relation for R. 

Note also that, thanks to Bose symmetry, the gauge-boson coupling GJ m£fc is symmetric under any exchange of its 
indicies (such as n <-*■ m), as is G^ mk . We are thus able to re-express the completeness relations for the gauge bosons 
and Nambu-Goldstone bosons, Eq. (|156|) and Eq. ()161|) . in various equivalent forms 



C. Ward-Takahashi identities 



The Nambu-Goldstone boson wave- function is related with the massive gauge boson wave- function through Eq. (|149|l . 
This relation is essential for the cancellation of unphysical poles in the physical particle scattering amplitudes; identities 
derived from Eq. (|149[) may thus be regarded as Ward-Takahashi identities. In this section, we derive several identities 
among coupling constants G and G from Eq. (|149| l in linear moose models. The general method used here may also 
be applied to more general deconstructed models, and the detailed form of the relations obtained may depend on the 
form that Eq. (|149[) takes in those models. 

We first consider a possible relation between G™ lk and G^™ k . Combining Eq. (|149p with Eq. (fl"9|) we obtain 

(M n + M m )G%l nk M k = :!l.fjn,,Kj i,,R; i> 

3 

~ 4 ^2 !l > l-'/ 2 /jR;^.R; I.../R.;./- 

3 

~ 4 X] -''7 i.'/z/fK.. ./. 

3 

+ \ E 9J-19* /f Rj-l.nRj.mRj.fc. (162) 

3 
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Here we see G™ 1 nk is expressed solely in terms of R, without using R. On the other hand, using Eq. (|15ip it is 
straightforward to obtain 



G nmk M 2 



^ 5^ 9j fj R'i,nRj,mRj,fe 

3 

+ 4 X! 9j-lfj Rj-l,nR-j-X,mRj-l, 

j 

3 



from which one can obtain 



G nmk {M 2 _ M 2j = G nmk M 2 _ ( „ <_> m) . 

Comparing Eq. fTM]) with Eq.([T52]). we find, 

(M n + M m )G5r*M fc = -G^M* - Ml), 

which is the desired relation between G31 and G3, 

We next study a relation between G3 and G3. Using Eq. Q149p twice, we find 



G^ mk M n M m — - gf-l/fRj-l.raRj-l.mRj-l,*; + ^ ^ 9j-l9jfjR-j-l,nR-j-l 

3 j 



+ 4 X! 9j fj^-j,nR-j,mRj,k + 4 X! 9j-l9j fjR-j,7iRj,mRj-l,k 
3 3 

-J y^gj-lgf /jRj-l,raRj,mRj,fc - ^ ^ gj-lgj/j Rj-l,nRj,mRj-l,fc 

i i 

i i 

Using Eq. (|163p , it is straightforward to calculate 

G 3 "" fe (il^ + - A4 2 ) = Gr'M 2 + („ <- m) - (n <-> fc). 
Comparing the result of Eq. (|167|) with Eq. (|166[) yields an identity between G3 and G3 , 

Gl mk M n M m = Gl mk {Ml + M 2 m - Ml). 
We next consider identities which involve the quartic 7r coupling G4. Using Eq. (|149p we see 

G2 mek Mk = — y^ — Rj,„Rj, m Rj^(gj_iRj_i.fe — gjHj t k)- 
1 3 h 

Comparing this with the definition of G41 Eq.f|17p. we immediately find the identity 



(163) 

(164) 
(165) 



(166) 
(167) 
(168) 

(169) 
(170) 



which is recognizable as a generalization of Eq. (| 1 14|) . 

It is also straightforward to start from an expression involving two powers of mass and the four-point Nambu- 
Goldstone coupling 



G2 mek M e M k 



v 2 _ 

X / y Rj>Rj,m(gj-iRj-i,^ - gjRj/)(gi-iRi-i,fc _ gjRj.fe)- 



(171) 
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Applying the completeness relation for R, Eq. (|152[) . gives 

G^ mi Gf li = R^nR^m^Rj/Rj^ + g|_ 1 R J -_i^Rj_i ) fe). (172) 

Comparing Eq.([T7T|). Eq. (fT72j) . and the definition of G 42 Eq. (fT8)) , we obtain an identity 

2 2 

mlk M e M k = V — &™ llk + V — Gs mi Gf l • ( 1 73) 



that relates G4 to G42 and the triple-gauge coupling. 

Starting from an expression involving four powers of mass and the four-point Nambu-Goldstonc coupling produces 
yet another identity. Using Eq. (|149p four times, we obtain 

v 2 x 

Gl mlk M n M m M t M k = — Y^fj(9j-i^j-i,n-gj'R j , n )(g j -iIi j - 1 , m -g j K j , m ) x 

3 

x (gj_iRj_i,^ - ^R^X^-iRj-i^ - gj~Rj,k)- (174) 
After some lengthy calculation using Eq. (ll5ip and Eq. (|159p . we obtain 

G2 mtk M n M m M e M k = ^G2 mek {M 2 + M^ + M 2 + M 2 ) 

- V — ^(G" mj Gf j + Gf J G™ k3 + G% ki Gf j )M$. (175) 

j 

The set of identities we have just derived, Ea.(fl65]). Eq. (fT68|) . Eq. pTOj) , Eq. (fT73)) and Eq. (fT75)) . are interesting 
because they completely determine the Nambu-Goldstone couplings (G31, G3, G41, G42 and G4) solely in terms of 
the gauge-boson couplings. We now rewrite these deconstruction identities in a form that emphasizes this property 
(see also Table HJ): 

(M n + M m )G%r k M k = -Gl mk (Ml-Ml), (176) 
Gl mk M n M m = G™ lk {M 2 + M^j — M k ), (177) 

G\™ lk M n M m = -Gl mth {M} + Ml) - - J2( G f ' G 3 k ' + Gf'G^ tl )Mf, 



(178) 



G2r lk M n M m M e = ~Gl mIk {Ml + M? n + Mj + Ml) 



v 



^(Gr'Gf* + Gf l G% kl + G% ki Gf a )M?, (179) 



V 2 

G% mek M n M m M e M k = —G™ nik (M 2 + M 2 t + M 2 + M 2 ) 

V 2 1 

-— 2^(G 3 G 3 +G 3 G 3 +G 3 G 3 )A/j . (180) 

i 

The minor manipulations involved in reaching the revised form of the deconstruction identities is readily apparent 
in most cases. However in the case of Eq. (|178() . several distinct steps are involved. We started from Eq. (|173jl and 
multiplied it by M n M m so as to be able to eliminate G4 using Eq. (|180|) . Next, we used Eq. (|177p to eliminate G 3 . 
Finally we invoked the gauge-boson completeness relation, Eq. (|156p . to simplify the result. 



D. Comparison with results from the Equivalence Theorem 

We now show that the generalized ET sum rules can be understood by using Ward-Takahashi identities Eqs. (|176|) 
()180l) and the completeness relation sum rules Eqs. (1156[) - (|16ip . We will run through the ET sum rules in the order 
in which they appear in Table [T] 
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We start with the pair of ET sum rules, Eqs. (|86j) and (|87|) . relating the triple and quartic gauge couplings. 



wnmm 
r 4 



Using Bose symmetry, G™ mm = G" m ™ and G3 1 "™ = G™ m , we find these can be derived from the gauge-boson 
completeness relation for R, Eq. (|156p . 

The next pair of ET sum rules in the table, Eqs. and (H2I), 



{Ml - M 2 m f 



«-sE[' 



are also related to the gauge boson completeness relation for R. If one applies the deconstruction identity for G3, Eq. 
(I177|) . to each of these sum rules, in order to eliminate the factors of G3, one obtains, respectively, 

G — (M 2 _ M 2j2 = ^ (Gr , )2(M 2 + M 2j2 _ 4 ^ GT'G^M^Ml, (181) 

i i 

and 

Both of these equations can be verified using the completeness relation for R, Eq. (|156jl , and the Bose symmetry of 

Qnnmrn 

The next two ET sum rules listed in Table HI Eqs. (pJl) - (liJTj) . are each related to the Nambu-Goldstone-boson 
completeness relation for R, Eq. (|16ip . To see this, we must first use the deconstruction identity for G31, Eq. p76p . to 
eliminate the Nambu-Goldstone boson coupling from Eq. (|16ip . This yields a relation of the form, 

(M» - Ml){M} - Ml) ]T GT'Gf ^ = £(Gf 'G^ - Gf l G" 3 lkl )Ml , (183) 

i 1 i 

which has not previously appeared in the literature. Now we can see directly that Eq. (|9ip , 

J2 [{GT m ) 2 - GT l GT ni ] Ml = {Ml - Mlf J2{GT m ) 2 ^2 > 

i i 1 

is a special case of this new relation, with £ = n and k — m. Similarly, let us eliminate the Nambu-Goldstone coupling 

Qnnmm from Eq (JgQj) 
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by applying the deconstruction identity for G4, Eq. p80p . The resulting equation, 

{Ml - MlJ- Y,{GT l ?^2 = Y,(GT l Gr i ~ GrG7 mi )Ml , (184) 

i % i 

is also a special case of the Nambu-Goldstone-boson completeness relation, Eq. (|183|) . for £ = n and k = m. 
The next pair ET sum rules listed in the table, Eqs. (JW]) and (fT2"2"j) . 

MlMl YjGT'f = J2( G 3 m ) 2 (Ml + Ml - Ml) 2 



J2{GT m ) 2 Ml = ]T(GrT 



{Ml + Ml-M 2 m f 
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arc each satisfied term by term for every KK level i in the sum, due to the deconstruction identity for G3, Eq. (|177p . 
The next equality obtained from the ET, Eq. (|114|l . 

G~ nnmm 
41 

follows directly from the pair of deconstruction identities for G41 and G4, Eq. Q179p and Eq. (ll80D . 
The final ET sum rule in the table, Eq. (fT2"4]) . 

Qnnmm M 2 = gnnmrn M ^ _ ^(G^fM? , 

i 

can be proven by using the deconstructionidentity for G42 , Eq. (|178|) . 

We have now seen that all of the ET sum rules can be rederived by using the Ward-Takahashi identities and 
completeness relations. 

VII. CONCLUSIONS 
A. Summary 

We have derived a general set of sum rules among the gauge boson couplings, NG-boson couplings and KK gauge 
boson masses in Higgslcss models of electroweak symmetry breaking. As shown in Table [II these sum rules ensure 
the cancellation of bad high-energy behavior in clastic and inelastic nn — > mm scattering processes involving gauge 
and NG bosons. As summarized in Table [Til even more general forms of these relations may be formulated as a 
combination of completeness relations for the gauge and NG boson KK wavefunctions and Ward-Takashi identities 
relating NG boson couplings to pure gauge couplings. 

Of the many sum rules and identities we have derived, the completeness relations for the gauge bosons and Nambu- 
Goldstone bosons, written in terms of the gauge boson couplings [78| as in Eqs. (|156p and (|183p . are particularly 
important, since they are relevant for the scattering amplitudes of physically polarized gauge-bosons. In fact, Eq. (|156p 
is an inelastic generalization of the first sum rule for elastic scattering 

GT nn = GT l G 7 l m (185) 

i 

that was discussed in Ref.[l[ as ensuring the cancellation of the 0(E 4 ) behavior in the elastic WlWl scattering 
amplitude. We have seen that the generalized form additionally ensures cancellation of 0(E 3 ) terms in WlWl — > 
WlWt scattering, of 0(E 2 ) terms in WlWl — > WtWt scattering, and O^E 1 ) terms in WlWt — > WtWt processes. 
In contrast, the sum rule, Eq. (|183p . or its parent completeness relation (|161[) . applies only for inelastic scattering 
because it vanishes when the KK levels of the incoming (n) and outgoing (m) states are the same. This is a new 
result, not previously discussed in the literature. 

Another of particular interest is the Ward-Takahashi identity for the quartic NG-boson coupling G4. In order 
to prevent bad 0(E 2 ) high energy behavior in the WlWl scattering amplitudes, this coupling must vanish in the 
continuum limit. Combining these pieces of information leads to a new sum rule for the four-point and three-point 
gauge boson couplings: 

G nrnlk {Ml + + Ml + Ml) = J2i G 3 miG 3 ki + Gf l G^ lM + G^ ki Gf u )Mf, (186) 

i 

which can be regarded as an inelastic generalization of the second sum rule for clastic scattering 

4G rmn„ M 2 = 3 ^ qn.g-^ ( 18?) 
i 

discussed in Ref . [l[ . 

So far we have considered the case of an SU(2) N+1 deconstructed Higgsless model, as illustrated in Fig. [HI Such 
a model, however, corresponds to an electroweak sector in the absence of hypercharge - a theory with degenerate 
W and Z bosons and no photon. A realistic deconstructed model would be based on an SU(2) N+1 x U(1) M gauge 
symmetry [33j (with M > 1). In such a model, the charged- and neutral-boson mass matrices would be different, with 
the former being (iV+1) x (iV+1) dimensional and having no massless modes and the latter (N+M+l) x (A^+M+l) 



2 M 

^ lv± m finnmm 
Ijj 



29 



dimensional and including the massless photon. Let us label the charged bosons (n = 0, . . . , N), as above, and the 
neutral bosons Zy where k' = 7, 0, . . . , 7V + M — 1. Note that the vertices which contribute to gauge-boson scattering 
in unitary gauge arise solely from the non-Abelian couplings of the SU(2) N+1 gauge interactions of the theory, and 
therefore are of the form W+W~Zy , W+W~W+W~ , or W+W~ZyZ t i. These are precisely of the same form that 
we considered in our analysis above, with the modification that there are more neutral-bosons than charged-bosons. 
Consider first the scattering amplitude for W„W~ — > ZyZy. This amplitude only receives contributions from t- and 
it-channel W m exchange, and from the four-point W„W~ ZyZy coupling. The form of the amplitudes, therefore, is 
precisely the same as those derived above and the relevant sum rules in Table [J continue to apply as written, with all 
sums running over the charged boson states. By contrast, the amplitudes W+W~ — > W+W~ receive contributions 
from s- and t-channel Zy exchange (including the photon), and therefore the relevant sum rules in Table |T] apply with 
the sums running over the neutral bosons instead. Similarly, the only non-trivial Nambu-Goldstonc boson interactions 
will arise from the SU (2) N+1 non-lineary sigma-model links of the theory, but the rotation matrix describing which 
link fields are eaten by which mass-eigenstate fields will differ between the charged- and neutral-boson sectors. Again, 
in calculating the scattering amplitudes one will arrive at the sum rules summarized in Table U- however, one must 
be careful to interpret the sums that appear according to whether charged- or neutral-bosons appear as intermediate 
states. The application of the sum rules to an SU(2) N+1 x U(1) M deconstructed Higgsless theory, therefore, is 
straightforward. In a future publication [74|, we will discuss an SU(2) 2 x U(l) 2 model and illustrate how these results 
are realized in a simple case. 

B. Generalizations 

As mentioned earlier, the sum rules derived in Section IV and listed in Table U are general relations between the 
multi-boson couplings, viewed simply as coefficients in the effective Lagrangian and without reference to the form of 
T>w- In contrast, many of the results of Section V depend on the form of T>yy because they draws directly upon the 
form of the mixed gauge/Nambu-Goldstone couplings in Eqs. (fT7|) - (|20|) . That is, with the exception of the gauge- 
boson completeness relation, the identities in Table HI are specific to linear moose models and their 5D continuum 
limits. Here, we briefly mention how the analysis of Section V could be modified to describe more general classes of 
models. 

The simplest generalization of the linear moose involves adding one link between the two boundary groups, closing 
the moose into a ring. This does not change the form of any of the couplings, but makes the sums over links 
periodic (e.g. in the Nambu-Goldstone kinetic term and the definitions of the multi-boson couplings involving Nambu- 
Goldstone modes). As a result, the form of all of the identities in Table HT1 would be unchanged, but any sums would 
now be periodic. 

More broadly, one could consider models in which one gauge site might be touched by more than two links or in 
which non-linear sigma models link pairs of gauge sites that are not nearest-neighbors; this would include planar 
meshes or even non-planar configurations that could be constructed out of "toobers and zots" . In these models, the 
form of the covariant derivative for the link fields must be modified to reflect the broader array of possibilities; as a 
result, the matrix T>yy appearing inside the matrix Q will have additional non-zero entries. The Q matrix itself will 
no longer be square if the number of links exceeds the number of sites, meaning that the rank of will exceed that 
of M^; in other words, some massless Nambu-Goldstone modes (corresponding to closed loops of links) will remain 
in addition to those "eaten" by the gauge fields. The modification of the covariant derivative will alter the form of 
the Nambu-Goldstone couplings G3, G31, G41, and G42; the multi-gauge couplings G3 and G4 and the four-Nambu- 
Goldstone-mode coupling G4 will remain unchanged because they are independent of T>\y ■ The upshot is that there 
will still be relationships (Ward-Takahashi identities) between the gauge and Nambu-Goldstone couplings, but the 
precise forms of the relationships (e.g. the appearance of particular factors of mass or the need to sum over certain 
indices) will generally be altered. 

To make this more concrete, let us introduce a slightly modified notation in which we distinguish between the 
indices denoting sites (a) and those denoting links (a), and likewise between the indices labeling gauge (a) and 
Nambu-Goldstonc (a) KK modes. Thus, the matrix R a . a carries indices of site and gauge KK mode, while Ra.a 
carries indices of link and Nambu-Goldstone KK mode. The mass matrix M„ i0 connects the massive Nambu-Goldstone 
and gauge KK modes, while Qa, a shows which links attach to which sites. 

In this notation, one would write the four-point Nambu-Goldstone coupling as 

_ . a - t v 2 

qo, , 7 , = 2J ^2 -Ra.a R a j Ra,*t R &t s ( 188 ) 
a J a 

This is a coupling that does not depend on the form of T>w or Q- Likewise, the relationship between Q r ^ lmm and 
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Qnnmm, wag derived from the Equivalence Theorem and does not depend on the form of T>w- Accordingly, we have: 

G£ A ™M 7/y = -|G* a 'W (189) 
However, the specific form of G41 does depend on Q because Eq. (|148[) is used to relate G4 to G41: 

G4. — ^ ^ ~~2 Ra,a Ra,a Ra,~/ -Rd, 7-^-7, 7 — ^ ^ "j^ Ra,a Ra,a Ra./y Q ' a.a-Ra,^ — T)G\\ (190) 

The form of G41 given for the linear deconstructed moose in Eq. (|17|) includes a factor of (g^Rj^ — (7j_iRj_i.fc) , 
which corresponds to the product QR above (modulo a factor of j 7 ). Generally speaking, we can see that when a 

multi-Nambu-Goldstone vertex is acted on by a factor of M, the resulting product MR becomes QR, changing a 
Nambu-Goldstone index into a gauge index. Hence, the relationship between G4 and G42 in Eq. (|173[) involves two 
factors of QR. 



C. Consistency of the Continuum Limit 



Ref. [56J considered WZ scattering in a 5D continuum Higgsless scenario by assuming that the contributions of all 
higher KK modes except (Wi, Z\) could be ignored. The general sum rules we have derived in this paper demonstrate 
that such assumption is generally inconsistent in 5D once scattering in inelastic channels becomes important. 

We start by considering the elastic scattering of zero-modes: Wq L Wq L — > Wq L W$ l (tto^o ~ > ^6^0 )■ From the 
clastic sum rules (|88p . we have an expression for the quartic gauge coupling in terms of triple-gauge couplings 

G oooo = J- (G° 0fc ) 2 . (191) 

k 

On the other hand, the sum rule in Eq. (|93p gives a different expression for the quartic gauge coupling 

+ Ml^ 00 ■ (192) 
v 

Combining (|191[) and (|192[) provides an expression for the triple gauge boson coupling among three zero-modes 

{G 3 ) - {G 3 ) y-^-l)+2JG z ) ^^-lj+_G 4 (193) 

which can still be satisfied even if the quartic Nambu-Goldstone coupling is set to zero as in the continuum limit. Here 
we have separated out the higher KK modes (n > 2) for later convenience. 

Now, let us consider the inelastic channel Wq L Wq L — > W£ L Wf L (ttqTTq — > Tr^irf). This time, the inelastic sum rules 
of Eqs. (|86 ]) -([87 ]) give one expression for Gf 11 

Gf 11 = zZ(Gf k )\ (194) 

k 

while the inelastic sum rule (190]) yields another: 

2(M 2 + Ml)Gf 11 = - £ {G° 3 lk ) 2 

k 

Combining Eqs. (|194j) and (|195j) . we may solve for G4 1 




, (196) 



where we have, again, separated out the higher KK modes (n > 2) for our convenience. 
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At this point, an inconsistency emerges if we simultaneously take the continuum limit (by setting G4 = 0) and 
include only the modes with KK number n = 0, 1 in the inelastic scattering process. Specifically, setting G4 011 = 
and dropping the terms for n > 2 in Eq. ()196|) leads to an equality 

= (GT) 2 ^ + (Gl 11 ) 2 f| (197) 

that can only be satisfied if G§ 10 = G" 11 = 0; due to Bose symmetry, G" 01 must also equal zero. But this scenario 
causes a problem in our equation for the elastic process above, Eq. (|193[) : if we simultaneously set G3 01 = 0, set 
G4 000 = and drop the terms for n > 2, the triple-gauge coupling G3 00 for the zero modes (i.e. the WWZ coupling) 
must vanish. 

As the full form of equations (|193jl and l|196j) suggests, this inconsistency can be avoided by retaining the higher 
KK modes when taking the continuum limit. See [73j for a discussion of some phenomenological implications. 
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APPENDIX A: APPLICATION TO THE THREE-SITE MODEL 

In this appendix, we apply our results to the simplest deconstructed Higgsless model [57j |. which incorporates 
only three sites on the deconstructed lattice. The only additional vector states (other than the usual electroweak 
gauge bosons) are a triplet of W\ and Z\ bosons, which may be interpreted as the lightest Kaluza-Klein states of 
a compactified five-dimensional theory. This theory is in the same class as models of extended electroweak gauge 
symmetries [HI, HH motivated by models of hidden local symmetry [13, [13, [ll, 53, Ell in QCD, and the gauge sector 
is precisely that of the BESS model [13] ■ While simple, the three site model [H3| is sufficiently rich to describe the 
physics associated with fermion mass generation, as well as the fermion delocalization [58|, [59|, [6^, [Ml, H3, [HI, H3| 
required in order to accord with precision electroweak tests [H, [66|, H3, [H, [69[ . Detailed investigations of the one-loop 
chiral logarithmic corrections to the S and T parameters have been reported in [70I . l7ll I72I ] . 



1. Masses 



In this subsection we will first give the gauge boson mass-matrix and its dual; and we then diagonalize them and 
derive the relevant quartic and triple boson couplings. For the purpose of demonstrating the sum rules, we will still 
set g\ ~ g' 2 ~ in this model. Thus we have only two gauge couplings for the analysis (g , gi); we define the ratio 
x = .go/51 for later convenience, as in [13] ■ The two moose links are associated with the Nambu-Goldstone boson 
decay constants (/1, fa), and we also define the ratio y = /2//1 for convenience. The symmetry breaking pattern 
leads to the relations [53 
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where g is the gauge coupling of the SM gauge group SU{2)w and the vacuum expectation value v is determined by 
the Fermi constant v = (v / 2Gf) _1//2 • The model parameter space is such that x 2 <C 1 and y 2 = 0(1) . 

We may build up the gauge boson mass matrix, M^, and its dual, M^, in the 3-site model by starting from the 
matrices, 
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multiplying them, as in Eq. to form, 
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and then using Eq. (J3j) to arrive at 
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For the typical case of x 2 <C 1 and y = 1 (i.e., /1 = /2 = V^w ), the mass eigenvalues of Wo and Wi gauge bosons 
can be expanded as 
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and the corresponding rotation matrices for diagonalizing M^, and are, up to 0(x 5 ) 
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It is clear that these matrices are orthogonal, as needed to satisfy the completeness relations for the gauge and 
Nambu-Goldstone KK wavefunctions. One may also readily verify that R and R do work together to diagonalize 
Q as in Eq. The schematic forms of the rotation matrices at the far right will be used below to illustrate the 
derivation of the couplings. 



2. Couplings 

Having obtained the matrices R and R, we may now calculate the couplings among gauge bosons and Nambu- 
Goldstone bosons. Here, we quote those that are relevant for studying nn — > mm two-body scattering processes. 
In deriving explicit formulae for the couplings from the general equations in Section [Hi it is important to keep in 
mind that the indices on the R matrices refer to sites along the linear moose, while the indices on the R matrices 
refer to links; this is especially important for the couplings between gauge and Nambu-Goldstone states because the 
left-most site is labeled "0" while the left-most link is labeled "1. We give a schematic form for the first coupling of 
each category to show how it relates to entries in the R and R matrices. 

First, we give the minimal independent set (recalling Bose symmetry) of quartic gauge couplings, as obtained from 
Eq. (USD, 
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and then the triple gauge couplings from Eq. ([12 
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Next, there are the quartic couplings among Nambu-Goldstone bosons, from Eq. (fTS")) 
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and the irirVV quartic couplings from Eq. (fl~8|) 
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Finally, there are the ttttV couplings from Eq. ([2H)) 
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We omit the ttVV couplings since they do not affect the processes of interest. 
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3. Identities 



We have verified that the ET sum rules (and equivalent completion relations or Ward-Takahasi identities) are 
satisfied by the couplings and masses given above. Here, we give a few straightforward examples. 
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As mentioned above, the manifest orthogonality of the matrices R and R shows that the completeness relations 
are satisfied. Equivalcntly, one can show that the first two sum rules in Table U (Eqs. |86|) and ([87]) ) hold: 
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It is straightforward to show that the Ward-Takahashi Identify for G3 (Eq. I177|l is satisfied in the three-site model. 
For instance, it predicts the four equalities 
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G° 3 01 M 2 = G° 3 01 (2M 2 -M 2 ), Gf 1 MoM 1 = Gf l M%. (A18) 

The first two may be verified by inspection of Eqs. (|A13[) and (|A16[) : for the others, we find, 

29 . 



G U 3 U1 M£ = G^{2M£-M() 
g 2 v 



5V 

4a; 



7 2 53 4 
1 + -x — ——x 



Gf 4 M x = G^M, 



011 



5 „ . 3 A 27 



1 + -x~ 

4 



128 

6 



1024 



32 



128 



-x 



(A19) 



Knowing that this WTI and the NG-boson completeness relation are verified confirms that their equivalents, the sum 
rules in Eqs. 1(57 1) . W - P^ - and P^ 3 ! ' hold in the three-site model. 

The sum rule of Eq. (11241) . or equivalcntly, the deconstruction Identity for G42, Eq. (|178p . leads to the following 
equalities in the three-site model, 
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GH n M* = G 4 m M 2 - (Gj 10 ) 2 M 2 - (Gj n ) 2 M 2 

which we have verified explicitly. 

Finally, the relationship (|114[) between the mnnr and 7T7T7ry couplings implies the following equalities in the three- 
site model, 



2M 41 



r<0Q0Q 



2MT U 41 



goooo 



/Ollll 



(A21) 



1100 _ i^rOOll _ 
— ljr 4 



G4 100 



_u_/^0011 _ v r<llC 
2A/i ^41 — 2M 41 

and we have verified both. These also follow directly from combining the deconstruction identities (|180|l and ()179l) . 
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